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We are concemned with the covariant description of the Hamiltonian formalism
for constrained field systems. The relation with the Lagrangian formalism is
considered and applications to gauge theories are given. Both formalisms are
developed on the same space, namely the momentum space. The equivalence of
solutions is shown to hold for affine and quadratic Lagrangians. The Yang—Mills
equations are put into a Hamiltonian form by means of a complete family of
Hamiltonians. This completeness property appears in a nice way as a gauge-type
condition connected with the Hamilton equations and generalizing the notion of
gauge condition usually dealt with in gauge theory.

i. INTRODUCTION

As is well known, the geometric arena of classical field theory (and
other physical models) is a fibered manifold E —» M. The base manifold M
may be a space-time manifold, a space of parameters, etc. Classical fields
are sections of this fibered manifold.

The Lagrangian formulation of field theory is developed on J'E, the
first-order jet prolongation of E — M (or on higher order prolongations for
higher order theories), and the field equations are second-order equations,
i.e., Lagrange’s equations (Krupka, 1971; Mangiarotti and Modugno, 1983).

In the past decades, the standard Hamiltonian machinery based on Dirac’s
ideas has been developed (Hanson et al., 1976; Sundermeyer, 1982). This
leads to infinite-dimensional symplectic manifolds (Gotay et al., 1978; Kos-
mann-Schwarzbach, 1981; Bergvelt and De Kerf, 1986). The main goal
consists in establishing simultaneous commutation relations for quantum field
theories (Sundermeyer, 1982; Faddeev and Slavnov, 1991).
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On the other hand, in more recent years, many people have contributed
to setting up a covariant Hamiltonian formalism for field theory, i.e., one
which does not necessitate any space-time decomposition (Kijowski, 1973;
Giinther, 1987; Carinéna et al., 1991; Gotay, 1991; Sardanashvily and Zakh-
arov, 1992a,b). It seems that the choice of the space in which such a Hamilto-
nian description is formulated is far from being unique.

The relationship between the Lagrangian and Hamiltonian formalisms
has also been extensively studied, both in mechanics (Batlle et al., 1986)
and field theory (Gotay, 1991; Goldschmidt and Stenberg, 1973; Dedecker,
1977; Krupka, 1982), generally under strong regularity conditions.

However, due to the presence of gauge invariance, the interesting physi-
cal models never have this kind of regularity. Nevertheless they still retain
a weaker regularity property (in the sequel we shall refer to these systems
as almost regular, a.r.). For them, the problem of the equivalence between
the Lagrangian and Hamiltonian approaches is more subile and deserves
further investigation.

In this paper we study this problem for first-order field theories (similar
questions for higher order theories are under study). We do not follow the
traditional approach in which the Lagrangian and Hamiltonian formalisms
are set up on different spaces. Instead, following Kijowski and Tulczyjew
(1979), we develop both of them on P = A™"! T*M ® V*E. In particular,
we regard the Lagrange and Hamilton field equations as partial differential
equations (pde’s) for sections of the composite fibered manifold P — £ —> M.

The main results and the organization of the paper are as follows. In
Section 2 we fix our notation, summarizing some basic facts about jet mani-
folds, the momentum manifold P, and its related structures.

In Section 3 we study the Lagrangian and Hamiltonian formalisms
independently of each other but in a rather ‘symmetric’ way. The solutions
of the Lagrange equations are characterized by an affine subbundle L C J'P
with base manifold J'E. We also introduce the concepts of Hamiltonian form
and Hamiltonian map (Zakharov, 1992; Sardanashvily and Zakharov, 1992a,b;
Giachetta et al., 1993). These are basic concepts for our considerations.

Section 4 is the main section. Here we study a.r. Lagrangian densities.
Using the family of Hamiltonian forms parametrized by all the Hamiltonian
maps, we show that the Lagrange equations are equivalent to the correspond-
ing family of Hamilton equations. The constrained Hamilton equations are
regarded as an affine subbundle H C J'P with base manifold Q C P, the
constraint manifold. It turns out that L. C H and there are systems for which
L # H. This means that, in general, the Lagrange and the constrained
Hamilton equations are not equivalent. However, if the Lagrangian density
is affine or quadratic in the field derivatives (as is the case for most physical
models), then we show that L = H.
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In Section 5 we consider the (free) Yang—Mills Lagrangian density. Now
the configuration bundle E = C — M is a bundle of principal connections,
which has some specific properties. In particular, both the first jet manifold
J'C and the momentum manifold P admit a canonical splitting over C. A
consequence of this geometrical feature is that there is a natural family of
Hamiltonian maps, and hence of Hamiltonian forms. It turns out that this
family is complete in the sense that it is the minimal family whose correspond-
ing Hamilton equations are equivalent to the Yang—Mills equations. This
completeness property appears in a nice way as a kind of gauge-type condition
connected with the Hamilton equations.

2. THE MOMENTUM SPACE

All manifolds and maps throughout the paper will be smooth (C*). For
more details on the jet formalism we refer the reader to Mangiarotti and
Modugno (1982) and Saunders (1989).

2.1. Jet Manifolds and Connections

Let M be a manifold of dimension m = 1 with local coordinates (x*),
1 = N = m. We denote by TM and T*M the tangent and cotangent spaces
of M and use the symbols &, v, and A for tensor, symmetric, and exterior
products, respectively.

Let E — M be a fibered manifold of dimension m + [ (E is the total
space and M is the base) with fiber coordinates (x*, y), 1 < i =< . We denote
by VE C TE the vertical subspace of TE, with local coordinates (x*, y', ¥),
and by V*E its dual (over E).

We have the tower of fibered manifolds

J'JESE->M 2.1)

where J'E is the first jet manifold with fiber coordinates (x*, ¥, y4). If we
consider a (local) section of E - M, i.e.,

s M—>E,  (y)os= ()

where s’ are (local) functions on M, then the (local) expression of its first
jet prolongation jls: M — J'E is given by (x*, ¥, yi) o jls = (x*, s/, 9s7/9x™).
In the sequel, we shall denote by 8, = 38/3x*, 9, = 8/3y', and 9} =
/9y the coordinate fields associated with x*, y/, and y4, respectively.
A basic fact concerning JE is the existence of a canonical injection
over E,

A
JIE « T*M ® TE, A =dx* ® (9, + y\9) (2.2)
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from which it follows that J'E — E is an affine bundle whose associated
vector bundle is T*M @ VE — E. As a rule, induced linear fiber coordinates
on this bundle will be denoted by (x*, ¥, y1).

2.2. The Structure of the Momentum Space

The fibered manifold £ — M is the configuration manifold of a given
field system, while

m—1

P=/\TMOVESE->M 2.3)

is the corresponding momentum manifold. Obviously P — E is a vector
bundle. Induced fiber coordinates on P and its first jet manifold are denoted
by (%, ¥, p¥) and (x*, ¥, p¥, ¥4, pt), respectively. Note that J'P — J'E is
a vector bundle, but J'P — P is an affine bundle whose associated vector
bundle is 7*M &@ VP — P. The induced linear fiber coordinates on this
bundle are denoted by (x, ¥, p¥, 74, B%).

As happens for the cotangent space of a manifold, the momentum space
(2.3) carries a canonical vector-valued Liouville form 0. More precisely, 0 is
the base-tangent (m + 1)-form on P given by the canonical injection

+
eml

Po NT*EQTM
0 = pMy A o ® 3, o=dx'A- Adx™
Contracting 0 with the canonical injection (2.2), we get the following sca-
lar form:

O=-\p: PXJE—/\T*E
E

O =pr 0 A w,, 0" = dy — yl,dx* 24

There are two basic objects related to the form (2.4). The first is

O =-d0: J'P=/\T*MQ VJ'E
Q= (phdy' + prdy) ® @ (2.5)

where d,, denotes the horizontal exterior derivative on jet manifolds (Saunders,
1989). This form will be used in the Lagrangian formalism. Note that ),
can be seen as a linear epimorphism over J!E.

The second object related to (2.4) is
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m+1

Oy =d0: J'P—/\ TP
Qy=dpd Ady' A 0y, — Yidpd A @ + phidy' A @ (2.6)

where d, denotes the vertical exterior derivative on jet manifolds (Saunders,

1989). This form will be used in the Hamiltonian formalism. Note that ()

can be seen as an affine morphism over P whose associated linear map is
Qp ™ m+1

M Q@ VP — /\ T*M ® v*P C /\ TP
Q= —yidpd A 0 + Phdy A @ 2.7

Since () is an epimorphism, it follows that the bundle Im ; — P is an
affine subbundle of A™! T*P — P whose associated vector bundle is A™

T*M ® V*P — P.
The following commutative diagram summarizes the discussion:

Arm e V*JIE ¢ i J'P L >Im Q,,C 7\17*1)
N SN
JE P
E
|
M

Its left and right parts are the geometric arenas to set up the Lagrangian and
Hamiltonian formalisms, respectively. From the diagram, we see that with
the help of suitable morphisms J'E — P and P — J'E (over E), we can
hope to relate the two formalisms. The morphisms J'E — P are the Legendre
maps, while the morphisms P — J'E are the Hamiltonian maps.

3. LAGRANGIAN AND HAMILTONIAN FORMALISMS
3.1. Lagrangian Formalism

As is well known, the basic concept of the Lagrangian formalism is that
of the Lagrangian density. A (first order) Lagrangian density is a form

P JES/N\TM, PL=Lo, o=diA-arde (31)

where L is a local function on J'E.
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A Legendre map is a morphism over E, i.e.
I: J'JE-P, Ny, pheIl =Ny, I (3.2)

where IT} are local functions on J'E. Given a Lagrangian density &£, there
is a Legendre map canonically associated with it, namely

Il: JJE>P I = 3L (3.3)

The Poincaré—Cartan form associated with £ is (Mangiarotti and
Modugno, 1983)

Ky =(© + L) oIl: JIEE—/\TE
He = M dy' A 0, — Hyw, Hy = ylo*L — L (3.4)

where I is given by (3.3).
Taking the exterior derivative of the Lagrangian density (3.1), we get
the section

d¥: J'E—/\T*MQ V+J'E
d¥ = (0L dy' + 3L dy}) ® (3.5)

Then the Euler—Lagrange operator associated with the Lagrangian density
& is the morphism over J'E defined by

By = d¥ — Q;: JP—/\T*M® V+J'E
be = (0;,L — pyw @ dy' + (3L — pHo Q dy} (3.6)

where () is given by (2.5). Note that € is an affine epimorphism over J'E.
Let us denote the kernel of €4 by L; it is an affine bundle over J'E. A
section r: M — P satisfies the Lagrange equations if it is an integral section
of L, i.e., jln(x) € L for all x (in the domain of definition of r). If we
write locally

Yer=s per=r
where s’ and r} are local functions on M, then the Lagrange equations are

P=aMor, r=0dLor (3.7)

3.2. Hamiltonian Formalism

A Hamiltonian form is a scalar m-form on P of the following type:

9% P—/\TE, % =pMy Ao, — Ho (3.8)

where H is a local function on P.
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Global Hamiltonian forms always exist because they are sections of an
affine bundle over P (Carinéna et al., 1991).
A Hamiltonian map is a morphism over E, i.e.,

4 L o
P>JE, Ny, y)ed =GNy, o) (3.9)

where ¢ are local functions on P. Given a Hamiltonian form, there is a
Hamiltonian map canonically associated with it, i.e.,

b P> J'E, oL = 0 H (3.10)

In analogy with the Euler—Lagrange operator (3.6), the Hamilton opera-
for associated with a Hamiltonian form ¥ is the morphism over P defined by

G =d¥ — Q. J'P o /\T*MQ VP
B = (Y — 0LH)o ® dp} — () + ;H)w ® dy (3.11)

where {)y is given by (2.6). Note that €, is an affine epimorphism over P.
A section r: M — P is said to satisfy the Hamilton equations relative to the
Hamiltonian form # if €g o j!r = 0. Locally the Hamilton equations read

a)\si-— aiHOT‘:O, a)\r,)-“"‘ 6,-H°r=0 (312)

4. CONSTRAINED SYSTEMS

As is well known, in the regular case the Lagrangian and Hamiltonian
descriptions are equivalent (at least locally) (Giachetta et al., 1993). On the
other hand, as mentioned in the Introduction, most of the physical models
meet a weaker kind of regularity, which we now consider (Binz er al., 198§;
Zakharov, 1992; Sardanashvily and Zakharov, 1992a,b).

4.1. Almost Regular Lagrangian Densities

Let & be a Lagrangian density and let II be its associated Legendre
map. Let @ = II(J'E). Then &£ is said to be almost regular if:

(i) Q@ C P is a (closed and regular) submanifold and Q — E is a fibered
submanifold of P — E.
(ii) The Legendre map I1: J'E — Q is a submersion with connected fibers.

Let & be an a.r. Lagrangian density. We say that a Hamiltonian map ¢:
P — JIE is associated with & if

Hodoj=j “.1
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where j denotes the canonical inclusion. In other words, the restriction ¢ 1Q:
Q — J'E is a section of the submersion II: J'E — Q.

Remark 4.1. For most of the physical models the fibered manifold II:
J'E — Q has global sections. This condition guarantees the existence of
global Hamiltonian maps associated with &£.

Let &£ be an ar. Lagrangian density. We say that a Hamiltonian form
is associated with & if it is of the following type:

Yy =(O + L od: Po/\TE
Hy=pMph —Lodb (4.2)

where &: P — J'E is a Hamiltonian map associated with &£ and © is given
by (2.4).

The following proposition establishes some basic facts.

Proposition 4.2. Let £ be an a.r. Lagrangian density and let ¥ be its
Poincaré—Cartan form. Then #¢ uniquely determines a form 3, Q —
T*E such that

Yoo Tl = e 4.3)

Let ¥, be a Hamiltonian form associated with & as in (4.2) and let ® be
the Hamiltonian map associated with ¥, according to (3.10). Then we have

Doj=doj 44
J*Hy = Ko (4.5)

Proof. For (4.3) see Binz et al. (1988). From (3.10) and (4.2) we see
that ® = ¢ + oy, where g, is the map given by

oy P-oTMQVE
oy = (p — 3*L° d)didldxa* ® 4; (4.6)
Since (4.1) implies oy © j = 0, the identity (4.4) is proved. Finally,
Ho=Hpollodoj=Hgodoj=Hyoj

Remark 4.3. We collect together some important identities satisfied by
an a.r. Lagrangian density and any associated Hamiltonian form #,,. They are

AHpoj=dl°j 4.7
G,Hd, °j = _a,L ° d) °j (48)
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The first is the local expression of (4.4). Condition (4.8) follows from (4.2)
by taking into account (4.1).

As we know the Lagrange equations define an affine bundle L — J'E.
If £ is a.r., we have a canonical projection L — Q given by the composition
of L — J!'E with the Legendre map II: J'E — Q.

Using the identities (4.7) and (4.8), we easily prove the following
proposition.

Proposition 4.4. Let £ be an a.r. Lagrangian density and let 3, be a
Hamiltonian form associated with it as in (4.2). Then we have

Ker €y, |Q C L 4.9

Hence, if »» M — Q C P is a section compatible with the constraints which
is a solution of the Hamilton equations relative to €, i.e., %% ojlr =0,
then r is also a solution of the Lagrange equations.

Remark 4.5. From (4.4) it follows that the first Hamilton equation (3.12)
relative to 9t is

jls=dor (4.10)

where r: M — Q C P is a section compatible with the constraints and s: M
— E is the section determined by projecting r on E, i.e.,

P—— >E
\ /
M

Therefore, working with 9, we can catch only those solutions of Lagrange
equations which satisfy (4.10). However, varying ¢, we catch all the solutions.
Indeed, let r: M — P be a solution of the Lagrange equations. Then IT o jls
= r, where, as before, s: M — E is the section determined by . Now there
exists a Hamiltonian map associated with & such that (4.10) holds (at least
locally) and then one can easily see that €y,  j'r = 0.

These considerations show that, as in the case of regular systems, also
for a.r. Lagrangian densities the Lagrange equations can be put into a Hamilto-
nian form.

As we know from (4.5), every Hamiltonian form associated with £ is
an extension of #,. Now let %: P — /\™ T*E be any extension of #€,, not
necessarily of the form considered so far, and let & Q — J'P1Q be a section.
Then the equation

<QHO g - d%le u> = Oa
for each vertical field w: Q — VQ “4.12)
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defines an affine subbundle H — Q of J'P{Q — Q. Clearly this definition
does not depend on the choice of the Hamiltonian form extending #,.

The affine subbundle H — @ describes the constrained Hamilton equa-
tions associated with the a.r. Lagrangian density £. We say that a section r:
M —> P satisfies the constrained Hamilton equations if it is an integral section
of H, i.e., j!r(x) e H for all x (in the domain of definition of r).

Of course (Ker %%¢)IQ C H, for any Hamiltonian map ¢ associated
with &. It follows that L. C H (see Remark 4.5). Moreover, by their definitions,
we see that both the manifolds L. and H have the same dimension, namely
m + ml + m?l. Hence L is an open submanifold of H.

Note that an integral section  of H does not necessarily have the property
that r = II o j's, where s: M — E is the section determined by projecting r
on E. It is just this fact that may occur when L # H.

It is convenient to have a coordinate characterization of H — Q.

Proposition 4.6. Let £ be an a.r. Lagrangian density. Let £ Q — J'P1Q
be a section and let y§ o £ = £, pi o § = £ be its local expression. Then
the two following facts are equivalent:

(i) & takes its values into H, i.e., &: 0 - H C J'PIQ.
(ii) For each Hamiltonian map & associated with & we have

@TTF > )&, — by =0 @.13)
&= oL d + GBI d)EL — $j) =0 (4.14)

Proof. Let u: Q — VQ be any vertical vector field on Q. Let ¢ be any
Hamiltonian map associated with &£. Since II: J'E — Q is a submersion,
there exists a vertical field on J'E, say

v = v, + vigd: JE - VIE
such that (at least locally) Tl e v e ¢ = u, ie.,
u= (o d)a; + [(vV o H)OILF o b) + (v o G} © b)1o),
Now let #,, be the Hamiltonian form determined by ¢. We have
Quo & =~ d¥,]Q = & + dHyo ® dy + (3H, — E)o ® dp}
from which we get
Qo & — d¥#y|Q, w) = (V' o HIEY + ;Hy + (11} © &)L Hy — EL)]
+ (W o O)OMIY © b)Y, Hy — &) (4.15)

Now the result follows from the identities (4.7) and (4.8).
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An interesting consequence of the proposition is the following useful
characterization of L.

Corollary 4.7. Let & Q — H be a section. Then £ takes its values into
L iff it projects onto a section &,: @ — J'E of I, i.e.,

HC J'PIQ
JlEé ————— é{; _______ 7Q

Proof. If € is a section of L — Q, the first equation (3.7) shows that
the property (4.16) holds. Conversely, let £ Q — H be a section projecting
onto a section &,: Q — J'E of IL Then taking any associated Hamiltonian
map which extends &, (4.14) and (3.7) show that £ takes its values into L.

Remark 4.8. The relation of the pde described by H with the other
equations in the literature is as follows. We can show that the three following
facts are equivalent:

(i) A section o: M — J'E satisfies the Cartan equation, i.e.,

o*(uld¥y) = 0  for each vertical field u: J'E — VJ'E

(ii) The section r = I e g: M — Q C P is an integral section of H.
(iii) r satisfies the Hamilton—De Donder equation, i.e.,

r*(qu%Q) =0 for each vertical field u: Q — VQ

The relationship between L and H is connected with the ‘second-order
equation’ problem (Bintz et al., 1988; Gotay and Nester, 1980) as follows.
Let o: M — J'E be a solution of the Cartan equation and let s: M — E be
the section obtained by projecting on E. Does its lift jls satisfy the Cartan
equation? Or, equivalently, does s satisfy the second-order Lagrange equa-
tions? The answer is positive iff the section r = [l o a1 M —> P takes its
values into L.

4.2. Affine and Quadratic Lagrangian Densities

Two classes of Lagrangian densities deserve special consideration,
namely affine and quadratic Lagrangian densities (in the field derivatives).
A Lagrangian density is affine if DII = 0 and quadratic if D*I1 = 0 (D
denotes the fiber derivative).

For instance, as is well known, the Lagrangian density of general relativ-
ity, in the Palatini formalism, is affine. On the other hand, gauge theories
provide examples in which the Lagrangian densities are quadratic.
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Let us see that for these two classes of Lagrangian densities we have
L =H.

Proposition 4.9. Let £ be an affine Lagrangian density. Then &£ is a.r.
and L = H.

Proof. The local expression of & is
L=1I +a

where IT} and a are local functions on E. Its Legendre map [T is given by
the composition

rE—IL—ocp

N A

X = Do, ® dy'

where @ = X(E) is the image of the (global) section x. Clearly &£ is a.r.
Moreover, since any morphism Q — J'E over E is a section of I, from the
Corollary 4.7 it follows that L = H.

Proposition 4.10. Let £ be an a.r. quadratic Lagrangian density. Then
L =H.

Proof. Since the Legendre map I1 is affine, II: J1E — Q is an affine
bundle and its associated vector bundle is

@ X Ker DIl - Q
E
where the fiber derivative

m—1
Mo VE—L2IL— S A\ ey @ v

N

is a linear morphism of constant rank over E.

Let & Q — H be a section and let £,: Q — J'E be the morphism over
E determined by &. Let & be any associated Hamiltonian map. Then (4.13)
shows that £, — &1 Q is a section of

0 X Ker DIl - Q
E

Since we can write £, = $1Q + £; — &1 Q, it follows that &; is a section
of II: J'E — Q. Hence Corollary 4.7 implies that £ is a section of L. — Q.
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Remark 4.11. The Lagrangian of the free relativistic particle (Hanson
et al., 1976) provides an example in which L. # H. Here the fibers of H —
Q are real lines, while those of L — @ are the corresponding positive
half-lines.

5. YANG-MILLS THEORY

The Yang—Mills Lagrangian density, which is quadratic and a.r., provides
a good example to illustrate the previous theory.

5.1. The Configuration and Momentum Bundles

Let ? — M be a principal fiber bundle with structure Lie group G
(Kobayashi and Nomizu, 1963) and let us denote by C — M the bundle of
its principal connections (Mangiarotti and Modugno, 1985). As is well known,
this is an affine bundle whose associated vector bundle is

T*M Q VP > M
M

Here the quotient bundle V;® = VP/G — M is the vector bundle of right
invariant vertical vector fields on P ( gauge algebra bundle). Coordinates on
C and J'C are denoted by (x*, a},) and (x, af,, a} ), respectively.

The affine bundle C — M is the configuration bundle of the (free)
Yang—Mills theory.

LetA: M — Cbe asection, i.e., a principal connection ( gauge potential ).
Locally we write

(M a) e A= (AL 5.1

w

where A}, are local functions on M. The curvature of A (field strength) is the
following V;%-valued 2-form on M:
2
EeM—/\TMQ VP

1
Fy =3 Ay = 0uA] + pRADA A Re,  (52)

where (e,) is a local basis for the sections of V% — M, while the Lie bracket
ley, €,] = ch4e, defines the right structure constants of G.

Later we will need the fact that a principal connection A induces a
covariant derivative V4 in the vector bundle V;%? — M, whose parameters
are determined by the following equation:

WV4e, = ¢ Ale, (5.3)
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The basic property of the configuration bundle C — M is that its first-
order jet space J'C admits the following canonical splitting over C (Mangia-
rotti and Modugno, 1985):

2
Jc=3SdN\TMQ VP
C

1
as . (@ + aps — cpedkal) + -2~ (a5, — ajn + cpbal) (5.4)

1
2
where 3, — C is an affine subbundle of J'C — C whose associated vector
bundle is C Xy v, T*M @ VP - M.

The sections S: C — X give rise to distinguished connections on the
configuration bundle C — M which, locally, are characterized by

a eSS =S8\, Sip = Sua tcpgafal =0 5.5

as follows from (5.4). These connections will be used to construct associated
Hamiltonian maps.
We have the projection

2
F: JICo>/N\T*M® VP

1
F = 2 Fida* A dx* ® e, Fi{,=d}, — al, + chabal, (5.6)

which has the property that

FojlA= —;-FA (5.7

Let us see that also the momentum bundle P — C — M admits a
canonical splitting over C. Induced coordinates on P are denoted by (x*,
ay, pM*). We recall that P = C Xy A" ! T*M ® TM ® VP, since V*C =
C Xy TM @ V¥P. Let us introduce the bundles

m 2 m—2
P=NATMINTMR VP = /\ T*M @ V19

m

Pr=/\T*M®\/ M Q VP (5.8)
2

whose induced coordinates are denoted by (x*, p™*!) and (x*, p™W), respec-
tively, and the pullback bundles
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g=CXpr, R=CXP* 5.9
M M

It follows that the momentum manifold P can be written as follows:
P=Q®DR
c

pl)}vp' = pp‘-l»‘-] + pgx’“')
| (5.10)
oot = L (i ey

1
pt == (prt + pih

The canonical splittings (5.4) and (5.10) play a key role in the Yang—
Mills theory.
5.2. The Yang-Mills Equations

Suppose that M is an oriented manifold that carries a pseudo-Riemannian
metric g. Moreover, let 4 be a metric on the Lie algebra LG of G such that
the adjoint representation is orthogonal. Then the Yang—Mills Lagrangian
density is

P JICo/N\TM, £=Lo

1

L=7VIg[FLFY,  FM = h.g g F (5.11)

As (5.6) shows, this is a quadratic Lagrangian density in the field derivatives.
Its main property is expressed by the Legendre map I1: J'C — P,

prHlo IT = T = /|g|F¢“, piW ol =0 (5.12)

or, equivalently,
%(* o) = F (5.13)

where

2
05 Ccx NPMS Ve
M

1
o, a, pH) - (x\ Ay, — 7= h"gra8 ep[“’m) (5.14)
P P \/E'I ppls

is the Hodge operator. It follows that £ is a.r.
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In the sequel we will need the following partial derivative:
L= —/|g|cal F* = —ciafll* (5.15)

Taking the composition of the projection my: P — @ with (5.14) and
the injection C Xy A2 T*M @ VgP < T*M ® VC, we get the following
canonical soldering form on P:

P> T*MQ® VC

- 1
a;\,p. °co = G{,u = 7= hrsgkagu8p£a,31 (516)

Vel

which is linear over C.
Using this soldering form, we see that any connection § as in (5.5)
determines the following Hamiltonian map associated with £:

¢S=S+%0:P—>JIC

1
(s = S5 + 5 O (5.17)

Indeed (5.5) and (5.13) show that IT o g5 = wy: P — Q and hence the
condition (4.1) is satisfied. Note that we have

G5 =0 (5.18)

everywhere on P [see (4.6)].
As we know from the previous section, we have L = H and hence
(3.7) yields

H = {, ap, p™ = 0, p™ = J|g|F¥, pi¥ = —craf p™H1}
(5.19)

where we have used (5.12) and (5.15). Of course, the integral sections r: M
— P of H are the solutions of the Yang—-Mills equations, i.e.,

xox=F, Vix=0 (5.20)
where A is a principal connection and x is a section of P~ — M.

Remark 5.1. Going back for a moment to the general theory and recalling
(2.7), let us introduce the following vector bundle over Q:
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Z=Ker 0,10 > T*M ® VPIQ
Q

Z = {x)\’ yis pg\, yi = 05 l_);\\l = 0}7 (-xha y[7 Pz)\) € Q (5'2]1)

From (4.12) one can easily see that Z C H. Moreover, the Hamilton equations
[see (3.12) and (4.14)] have a freedom up to the trace condition p3; = 0. It
follows that they are more appropriately described by the quotient bundle
H/Z - Q.

In our present situation it can be shown that the further relation

H/Z CJ'QIZ N T*M @ VQ)

holds. This means that, up to Z, the Hamiltonian constraint @ C P is a first-
class constraint (extending the terminology of mechanics) (Sniatycki, 1974).

5.3. The Complete Family of Hamiltonian Forms

We know that any connection S: C — 3 C J!C determines a Hamiltonian
map &5 P — J!C associated with the Yang—Mills Lagrangian density.
According to (4.2), the corresponding Hamiltonian form €y, = J; is

He P> VAN T*C, #Hs = pirda;, A 0, — Hyw

1
Hy = p}* S, + Poblplepl (5.22)

1
—_ hrs
4 \/m g)\(xgp.ﬁp
where we have used (5.11) and (5.17).

Note that s is quadratic in the momenta. Let ®g be the Hamiltonian
map associated with # according to (3.10). From (5.18) it follows that dg
= ¢5 everywhere on P and not only on @ C P. It turns out that these two

properties characterize the family #s. Indeed, the following proposition can
be easily proved.

Proposition 5.2. Let #: P — /\" T*C be a Hamiltonian form and let
&: P — J'C be the Hamiltonian map associated with # according to (3.10).
Let o4 P — T*M & VE be the soldering form on P determined by ¢ as in
{(4.6). Suppose that:

O IMedoj=j

(ii) oy = O everywhere on P.

(iii) ¥ is quadratic in the momenta.

Then there exists a connection S: C — 3 C JC such that # = ¥.
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Let us consider the Hamilton equations relative to any Hamiltonian form
#s. We begin with the first equation (4.10). If r = (A, x): M > Q is a
section, we have

1
'Tr2°j1A+F°j1A=j1A=d)s°r=S°A+'2“(*°X)

where we have used (5.4), (5.16), and (5.17). Here 7y denotes the canonical
projection J!C — 3. Recalling (5.7), we see that the section r satisfies the
first Hamilton equation relative to s iff we have

SoA=rmsojA (5.23)
xoy = F, (5.24)

Note that the curvature F, is zero iff A is an integral section of the
connection S. The condition (5.23) plays the role of a gauge-type condition.
The second Hamilton equation (3.12) reproduces the equation V4y = 0.

An interesting fact is that the family (5.22) is complete in the sense that
any solution of the Yang—Mills equations can be seen as a solution of the
Hamilton equations relative to a certain Hamiltonian form s (see also
Remark 4.5).

Indeed let A: M — C be a principal connection. Let K be a symmetric
linear connection on M (for instance, the Levi-Civita connection of the metric
g on M). Then we can define a linear connection on the vector bundle T#M
® VgP — M and hence on C — M. Using the projection my: J!C — X, we
get the following connection:

§: C->3xCJiC
N % {0\AL + 8, AL — c(ARal + Alal) (5.25)

- 2K3,(@;, — A)) — cpabaf}

A direct check using (5.25) shows that the gauge condition (5.23) is satisfied.
Hence if r = (A, x) is a solution of the Yang—Mills equations, § is the
connection (5.25) associated with A, and 3 is the corresponding Hamiltonian
form, then r is also a solution of the Hamilton equations relative to ¥;.

Remark 5.3. Note that (5.23) is a more general condition than the usual
gauge conditions in gauge theory. As is well known, these latter single out
(up to the Gribov ambiguity) a representative within a given gauge equiva-
lence class. On the other hand, there are solutions of the Yang—Mills equations
which are not singled out by the gauge conditions known in gauge theory.
In this sense, these latter do not form a complete family.
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